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Perieqìmena
1 Η ΑΝΤΙΣΤΟΙΧΙΣΗ ΤΩΝ ΚΛΑΣΕΩΝ ΦΘΟΓΓΩΝ ΜΕ ΤΟ Z12

Kl�seic fjìggwn kai suqnìthta
Kl�seic Fjìggwn kai akèraioi modulo 12

2 Η ΑΤΟΝΙΚΗ ΟΜΑΔΑ T/I
Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

3 Η NEO − RIEMANNIAN ΟΜΑΔΑ PLR
Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

4 ΟΙ ΓΕΩΜΕΤΡΙΚΕΣ ΑΠΕΙΚΟΝΙΣΕΙΣ ΤΗΣ ΔΡΑΣΗΣ ΤΗΣ PLR
ΠΑΝΩ ΣΤΟ S
To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

5 ΟΙ T/I , PLR ΩΣ ΔΥΙΚΕΣ ΟΜΑΔΕΣ
Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush
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EISAGWGH

? Mousik  - summetrÐa → JewrÐa Om�dwn

? SÔndesh metaxÔ atonik c kai neo-Riemannian om�dac

? SÔndesh atonik c kai neo-Riemannian jewrÐac

? Perigraf  atonik c kai usterotonik c mousik c

? ShmeÐo afethrÐac: met�frash twn not¸n se majhmatik� antikeÐmena
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Kl�seic fjìggwn kai suqnìthta

Suqnìthta: Arijmìc talant¸sewn sth mon�da qrìnou
↓

Suneqèc sÔnolo akoustik¸n suqnot twn (Akoustikì f�sma= (20, 20000)Hz)
↓

Fjìggoc: suqnìthta sto akoustikì f�sma, ìqi amig¸c fusikì mègejoc.
↓

Fjìggoc

Yuqoakoustik�, wc mègejoc ekfr�zei thn aisjhthriak  empeirÐa thc
akoustik c suqnìthtac kai ètsi epitrèpei thn org�nwsh twn
 qwn-suqnot twn se èna diakritì sÔnolo.

Sto sÔnolo twn fjìggwn-suqnot twn gia dÔo fjìggouc a, b, isqÔei h sqèsh
isodunamÐac {∼} :

a ∼ b an a/b = 2j , ìpou j ε Z . (1)

KathgoriopoÐhsh fjìggwn-suqnot twn me lìgo 2j , j ε Z → se mia
isodÔnamh kl�sh fjìggwn. IsodÔnamoi fjìggoi akoÔgontai parìmoioi.
Par�deigma: 2 fjìggoi me suqnìthtec: a1 = 261, 63Hz , b1 = 523, 25Hz
→ b1/a1 = 1.9999 = 2.
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Kl�seic fjìggwn kai suqnìthta

? DÔo isodÔnamoi fjìggoi apèqoun j okt�bec.
? Okt�ba

OrÐzetai wc h el�qisth apìstash metaxÔ dÔo diadoqik¸n isodÔnamwn
fjìggwn, dhlad  dÔo fjìggwn me lìgo 2.
ApoteleÐ to mègisto uposÔnolo tou sunìlou twn fjìggwn pou perièqei
mh isodÔnamouc diadoqikoÔc fjìggouc.

? An diairèsoume thn okt�ba se 12 Ðsa mèrh pou antistoiqoÔn se lìgo s
to kajèna, èqoume : s12 = 2/1→ s = 21/12 = 1.0594.

? O lìgoc s (semitone) eÐnai: o lìgoc twn suqnot twn dÔo geitonik¸n
fjìggwn - antistoiqeÐ mousik� sto jemeli¸dec di�sthma tou hmitonÐou.

? PaÐrnoume touc 12 isokatanemhmènouc fjìggouc mèsa se mÐa okt�ba
(equal tempered tuning)

? Oi 12 autoÐ fjìggoi sundèontai me tic 12 nìtec

Nto Nto ] Re Re ] Mi Fa Fa ] Sol Sol ] La La ] Si

Re [ Mi [ Sol [ La [ Si [

C C ] D D ] E F F ] G G ] A A ] B
D[ E[ G[ A flat B[

Oi nìtec
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Fjìggoi pou antistoiqoÔn sta maÔra pl ktra èqoun dÔo onomasÐec kai
lègontai enarmìnioi.

Oi nìtec se mÐa okt�ba

Me b�sh th sqèsh isodunamÐac → isodÔnamoi fjìggoi antistoiqÐzontai sthn
Ðdia nìta. →
'Olo to eÔroc twn fjìggwn pou mporoÔme na akoÔsoume: allhlouqÐa
okt�bwn, dhlad  d¸deka not¸n.

Ta pl ktra tou pi�nou an� okt�bec

IsodÔnamec Kl�seic Fjìggwn - Nìtec

Telik�, oi 12 isodÔnamec kl�seic fjìggwn tautopoioÔntai me tic 12 nìtec.

Par�deigma: fjìggoi me suqnìthtec a1, b1 me lìgo b1/a1 = 2
antiproswpeÔoun to mesaÐo Nto kai to Nto mÐa okt�ba yhlìtera.
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Kl�seic Fjìggwn kai akèraioi MODULO 12

Fjìggoi → sÔnolo Z
Tìte, oi fjìggoi twn pl ktrwn tou pi�nou → uposÔnolo tou Z.

Sqèsh isodunamÐac fjìggwn-suqnot twn → sqèsh isodunamÐac
fjìggwn-akeraÐwn.

Sto sÔnolo Z isqÔei h sqèsh isodunamÐac (isotimÐa modulo 12 ) {≡}, me
a, b εZ :

a ≡ b an b − a = 12n , nε Z . (2)

Diamèrish se 12 kl�seic isodunamÐac : 0, 1, ..., 11.

↓
To sÔnolo twn 12 kl�sewn upoloÐpwn modulo 12 sumbolÐzetai me Z12.

Kl�seic fjìggwn-suqnot twn → kl�seic fjìggwn-akeraÐwn

IsodÔnamoi fjìggoi apèqoun n okt�bec.

C C ] D D ] E F F ] G G ] A A ] B
D [ E [ G [ A [ B [

0 1 2 3 4 5 6 7 8 9 10 11
AntistoÐqish twn 12 kl�sewn twn fjìggwn-akeraÐwn me to Z12.
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MousikoÐ ìroi twn diasthm�twn pou mporoÔn na emfanistoÔn an�mesa
stic kl�seic fjìggwn mÐac okt�bac:

Pr¸th kajar  : 0 hmitìnia

DeÔterh mikr  : 1 hmitìnio

DeÔterh meg�lh : 2 hmitìnia

TrÐth mikr  : 3 hmitìnia

TrÐth meg�lh : 4 hmitìnia

Tètarth kajar  : 5 hmitìnia

Tètarth auxhmènh : 6 hmitìnia

Pèmpth kajar  : 7 hmitìnia

'Ekth mikr  : 8 hmitìnia

'Ekth meg�lh : 9 hmitìnia

'Ebdomh mikr  : 10 hmitìnia

'Ebdomh meg�lh : 11 hmitìnia
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0→ 5 di�sthma metaxÔ twn dÔo kl�sewn fjìggwn: 5− 0 = 5 hmitìnia.

10→ 6?

To sÔnolo Z12 klhronomeÐ thn prìsjesh twn akeraÐwn → (Z12, +) om�da
→
oi pr�xeic upologÐzontai apl� gewmetrik� me b�sh to mousikì rolìi!

H kuklik  antistoÐqish twn kl�sewn fjìggwn me to Z12.

'Ara: to di�sthma 10→ 6: 8 hmitìnia.
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Aut  h met�frash apì tic kl�seic fjìggwn sto Z12 mac epitrèpei na
qrhsimopoi soume thn afhrhmènh �lgebra gia na montelopoi soume ta
mousik� gegonìta, ìpwc ja doÔme parak�tw.
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Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
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H ATONIKH OMADA T/I
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Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Oi sunart seic Tn, In

DÔo basikèc mousikèc leitourgÐec gia thn epexergasÐa mÐac melwdÐac:

Metatìpish (  transpìrto) T : autoÔsia epanadiatÔpwsh thc
melwdÐac se �llouc tìnouc - diathreÐ ta diast mata.

Anastrof  I : anadiatÔpwsh thc melwdÐac - diathreÐ ta diast mata
{se apìluth tim }.

Mousikèc leitourgÐec → Majhmatikèc sunart seic:

(Metatìpish)

'Estw n ε Z12. Tn: Z12 → Z12:

Tn(x) := x + n (mod 12) (3)

Metatìpish kat� n (transposition).

(Anastrof )

'Estw n ε Z12. In : Z12 → Z12:

In(x) := −x + n (mod 12) (4)

Anastrof  kat� n (inversion).
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Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Kat' epèktash, oi Tn, In mporoÔn na dr�soun p�nw se :

- memonwmènec kl�seic fjìggwn:

T() = 8 (mod 12) , T() = 13− 12 = 1 (mod 12) ,

I() = 1 (mod 12) , I() = −5 + 12 = 7 (mod 12) ,

- sÔnola kl�sewn fjìggwn:

T{, , } = {T(), T(), T()} = {7, 11, 2} ,
I{, , } = {I(), T(), T()} = {5, 9, 0} ,

- akoloujÐec kl�sewn fjìggwn:

T〈, , , 〉 = 〈T(), T(), T(), T()〉 = 〈9, 2, 2, 0〉 ,
I〈, , , , 〉 = 〈I(), I(), I(), I(), I()〉 = 〈0, 8, 8, 5, 1〉 .
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Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Mousikì par�deigma 1

Schoenberg, String Quartet No.4 .

H melwdÐa (èstw M) thc pr¸thc seir�c eÐnai:

M = 〈D,C],A,B[,F ,E[,E ,C ,A[,G ,F ],B〉
= 〈2, 1, 9, 10, 5, 3, 4, 0, 8, 7, 6, 11〉.

H melwdÐa thc deÔterhc seir�c prokÔptei wc T6(M):

T(M) = 〈8, 7, 3, 4, 11, 9, 10, 6, 2, 1, 0, 5〉
= 〈A[,G ,E[,E ,B,A,A],F ],D,C],C ,F 〉.
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Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Mousikì par�deigma 2

Schoenberg, String Quartet No.4 .

H melwdÐa thc pr¸thc seir�c eÐnai kai p�li h M:

M = 〈D,C],A,B[,F ,E[,E ,C ,A[,G ,F ],B〉
= 〈2, 1, 9, 10, 5, 3, 4, 0, 8, 7, 6, 11〉.

H melwdÐa thc deÔterhc seir�c prokÔptei wc: I9(M):

I(M) = 〈7, 8, 0, 11, 4, 6, 5, 9, 1, 2, 3, 10〉
= 〈G ,A[,C ,E ,F ],F ,A,C],D,E[,B[〉.
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Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Gewmetrik  ermhneÐa

Tn(x): Peristrof  tou x kat� n b mata sto mousikì rolìð.

In(x): An�klash tou x wc proc ton �xona pou dièrqetai
apì tic korufèc 0 + n/2 , 6 + n/2.

T4(6) = 10 I4(6) = 10
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Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

H om�da T/I

OrÐzoume to sÔnolo T/I :

T/I := T ∪ I = {Tn | n = 0, 1, ..., 11} ∪ {In | n = 0, 1, ..., 11}
= {T, T, T, T, T, T, T, T, T, T, T,

I, I, I, I, I, I, I, I, I, I, I, I} (5)

kai orÐzoume pr�xh th sÔnjesh sunart sewn.

Je¸rhma

To sÔnolo T/I me dimel  pr�xh thn sÔnjesh sunart sewn eÐnai om�da.
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Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Apìdeixh

1 Kleistìthta: H sÔnjesh dÔo stoiqeÐwn thc T/I dÐnei stoiqeÐo thc T/I:

Tm ◦ Tn = Tm+n (mod ) ε T/I . (6)

Tm ◦ In = Im+n (mod ) ε T/I . (7)

Im ◦ Tn = Im−n (mod ) ε T/I . (8)

Im ◦ In = Tm−n (mod ) ε T/I . (9)

2 Prosetairistik : Endeiktik� gia mÐa tri�da In, Im, Tk ε
T/I gia n,m, k ε {0, 1, ..., 11} èqoume:

In ◦ (Im ◦ Tk) = (In ◦ Im) ◦ Tk .

3 Tautotikì stoiqeÐo : e = T ε T/I.

4 AntÐstrofo stoiqeÐo : (Tn)−1 = T−n = T(−n) ε T/I ,
(In)−1 = In. �
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

H om�da T/I qrhsimopoieÐtai kurÐwc sthn an�lush atonik c mousik c
(20oc ai¸nac: 2h Sqol  Biènnhc)

↓

Om�da T/I: Atonik  om�da (atonal group )

↓

H efarmog  thc genikeÔetai kai se klasik� tonik� èrga (ìpwc mÐac
foÔgkac tou Bach ).
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

H dom  thc om�dac T/I

UpologÐzoume touc metajètec thc om�dac T/I :

[Tn, Im] = Tn ◦ Im ◦ T12−n ◦ Im

= T2n (mod 12) .

'Ara, ta Tn, In metatÐjentai mìno gia n = 0, 6.

[Tn, Tm] = Tn ◦ Tm ◦ T12−n ◦ Tm

= T0 = e .

'Ara, ta Tn metatÐjentai metaxÔ touc.

[In, Im] = In ◦ Im ◦ In ◦ Im

= T2(n−m) (mod 12) .

'Ara, ta In metatÐjentai metaxÔ touc mìno gia n = m, m + 6.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Apì ta parap�nw sumperaÐnoume ìti:

H om�da T/I eÐnai mh abelian  (kai mh kuklik ).

To sÔnolo T mazÐ me th dimel  pr�xh eÐnai kuklik  upoom�da me
genn tora to T1, dhlad  〈T〉 = T , �ra kai abelian .

To sÔnolo I mazÐ me th dimel  pr�xh den sqhmatÐzoun upoom�da -
leÐpei to tautotikì stoiqeÐo.

IsqÔei: TnI0 = In → Genn torec: T1, I0.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

H dom  thc T/I parapèmpei sthn D12.

Poia eÐnai h om�da D12?

Diedrik  om�da t�xhc 24: h om�da twn summetri¸n enìc kanonikoÔ
12-g¸nou. 'Estw kanonikì 12-gwno me korufèc 0,1,...,11 p�nw ston
monadiaÐo kÔklo xekin¸ntac apì to (1,0) me antiwrologiak  for�. H D12

perèqei 2 eid¸n summetrÐec :

strofèc Ck , k = 0, 1, ..., 11 sto epÐpedo, kat� gwnÐec kπ/6.

anakl�seic (strofèc ston q¸ro) Σk , k = 0, 1, ..., n − 1, wc proc touc
�xonec pou sqhmatÐzoun gwnÐec kπ/12 me ton �xona xx ′.

Prìtash

H om�da T/I eÐnai isìmorfh me thn D12 : T/I ' D12.

Gewmetrik  apìdeixh
EÐnai fanerì ìti oi 12 metatopÐseic Tn kai oi 12 anastrofèc In
antistoiqoÔn stic summetrÐec tou kanonikoÔ 12-gwnou, dhlad  stic 12
strofèc Ck kai stic 12 anakl�seic.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Algebrik  apìdeixh
H D12 èqei 2 genn torec C1, Σ0, kai isqÔei:

(C1)12 = 1 , (Σ0)2 = 1 , Σ0C1(Σ0)−1 = C−1
1 . (10)

OrÐzoume: φ : D12 → T/I dÐnontac tic eikìnec twn gennhtìrwn :

φ : C1 → T , Σ0 → I (11)

O omomorfismìc ja prèpei na sèbetai tic sqèseic (10):

φ(C1
12) = φ(C1)12 = φ(T)12 = T = T = e ,

φ(Σ0
2) = φ(Σ0)2 = (I)2 = I ◦ I = I ◦ (I)−1 = e ,

φ(Σ0C1Σ0
−1) = φ(Σ0)φ(C1)φ(Σ0

−1) = I ◦ T ◦ I︸ ︷︷ ︸
I

= I ◦ I = −I

kai − I1(x) = x − 1 = T−(x) = (T(x))−1 = C1
−1 .

'Ola ta stoiqeÐa thc T/I eÐnai
eikìnec mèsw tou φ,

|T/I | = |D12|

}
φ : isomorfismìc →

T/I ' D12
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

O pÐnakac thc om�dac T/I .

M�ndratzh Dèspoina MOUSIKH KAI SUMMETRIA: OI DRASEIS THS ATONIKHS KAI THS NEO-RIEMANNIANOMADAS PANW STO SUNOLO TWN SUMFWNWN TRIADWN



H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

O pÐnakac thc diedrik c om�dac D12.

M�ndratzh Dèspoina MOUSIKH KAI SUMMETRIA: OI DRASEIS THS ATONIKHS KAI THS NEO-RIEMANNIANOMADAS PANW STO SUNOLO TWN SUMFWNWN TRIADWN



H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

To sÔnolo (S) twn sumf¸nwn tri�dwn

Triadik  sugqordÐa   tri�da: sun qhsh pou perièqei 3 nìtec.
SÔmfwnh onom�zoume mÐa tri�da ìtan ta diast mata metaxÔ twn not¸n
mèsa sth sugqordÐa eÐnai sÔmfwna diast mata.

Mia sÔmfwnh sugqordÐa mporeÐ na eÐnai:

MeÐzona (major). Se eujeÐa kat�stash èqei th morf :

(x , x + 4 (mod 12), x + 7 (mod 12)), ìpou x εZ12 . (12)

Gia par�deigma, C = Nto meÐzona = (0, 4, 7) = (C ,E ,G).
El�ssona (minor). Se eujeÐa kat�stash èqei th morf :

(x , x + 3 (mod 12), x + 7 (mod 12)), ìpou x εZ12 . (13)

Gia par�deigma, a = la el�ssona = (9, 0, 4) = (A,C ,E).

OrÐzoume S to sÔnolo twn sumf¸nwn sugqordi¸n:

S = S+ ∪ S−

= {〈x , x + 4 (mod 12), x + 7 (mod 12)〉 | x εZ12} ∪
{〈x + 7 (mod 12), x + 3 (mod 12), x〉 | x εZ12} . (14)
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Ta 24 stoiqeÐa tou sunìlou S :

O pÐnakac tou sunìlou S twn sumf¸nwn sugqordi¸n.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

PARATHRHSEIS:
1.Wc proc th di�taxh:

Oi meÐzonec tri�dec parousi�zontai
se eujeÐa kat�stash, en¸ oi
el�ssonec se anastrof .

Oi meÐzonec xekinoÔn apì thn Nto
meÐzona, en¸ oi el�ssonec xekinoÔn
apì th fa el�ssona.

↓
Duðsmìc (H. Riemann): mÐa meÐzona

kai mÐa el�ssona sugqordÐa
proèrqontai apì thn ant qhsh enìc

jemeli¸douc  qou.

H duðk  anapar�stash twn
C kai f .

2.Wc mousik  ontìthta: k�je sÔmfwnh tri�da emperièqei kai tic 6
metajèseic tou sunìlou thc.

Oi èxi metajèseic thc triadik c sugqordÐac C .
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

H dr�sh thc T/I p�nw sto S

Gia k�je s =< y1, y2, y3 > εS èqoume Tn, In : S → S ìpou n = 0, 1, ..., 11:

Tn(s) = Tn〈y1, y2, y3〉 = 〈Tn(y1),Tn(y2),Tn(y3)〉 = s ′ ε S ,

In(s) = In〈y1, y2, y3〉 = 〈In(y1), In(y2), In(y3)〉 = s ′ εS (15)

Me thn Tn pernoÔme:

apì mÐa meÐzona tri�da me b�sh µ1 sthn meÐzona me b�sh,
µ2 = µ1 + n (mod 12), kai

apì mÐa el�ssona tri�da (me b�sh ε1) sthn el�ssona me b�sh,
ε2 = ε1 + n (mod 12).

Me thn In pernoÔme:

apì mÐa meÐzona me b�sh µ1 sthn el�ssona me b�sh,
ε2 = 5 + n − µ1 (mod 12) kai

apì mÐa el�ssona me b�sh ε1 sthn meÐzona me b�sh,
µ2 = 5 + n − ε1 (mod 12).

O �xonac thc anastrof c dièrqetai apì ta shmeÐa n/2 , 6 + n/2 b�sei twn
koruf¸n.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

H dr�sh thc T/I p�nw sto S

T1〈0, 4, 7〉 = 〈1, 5, 8〉 I0〈0, 4, 7〉 = 〈0, 8, 5〉

An dr�soume tic 12 metatopÐseic T0, ...,T11 p�nw sth basik 
C = 〈0, 4, 7〉 paÐrnoume ìlec tic meÐzonec sugqordÐec.
An dr�soume tic 12 anastrofèc I0, ..., I11 p�nw sth C = 〈0, 4, 7〉
paÐrnoume ìlec tic el�ssonec tri�dec.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Qr simoi orismoÐ kai jewr mata

Dr�sh om�dac
'Estw X èna sÔnolo kai G mÐa om�da. Dr�sh thc G p�nw sto X lème mÐa
apeikìnish · : G × X → X tètoia ¸ste :

1 e · x = x gia k�je x εX ,
2 (g1g2) · (x) = g1 · (g2 · x) gia k�je x εX kai k�je g1, g2 εG .

Apl� metabatik  dr�sh
Mia dr�sh om�dac onom�zetai apl� metabatik  an eÐnai kai apl  kai
metabatik , dhlad  an kai mìno an gia k�je x kai k�je y , ìpou x , y εX
up�rqei èna monadikì g ε G tètoio ¸ste: gx = y .

Om�da - stajeropoiht c
H om�da - stajeropoiht c (stabilizer) enìc stoiqeÐou x orÐzetai wc:

Gx = {g εG | gx = x} ⊂ G (16)

Je¸rhma Stajeropoiht  Troqi�c
An mÐa peperasmènh om�da G dra p�nw se èna sÔnolo X tìte:

|G | / |Gx | = |Orbit( x)| . (17)
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

H troqi� thc tri�dac C k�tw apì th dr�sh thc T/I

An ìla ta stoiqeÐa thc om�dac T/I dr�soun p�nw sth sugqordÐa
C = 〈0, 4, 7〉 paÐrnoume:

T〈0, 4, 7〉 = 〈0, 4, 7〉 = C
T〈0, 4, 7〉 = 〈1, 5, 8〉 = C]
T〈0, 4, 7〉 = 〈2, 6, 9〉 = D
T〈0, 4, 7〉 = 〈3, 7, 10〉 = D]
T〈0, 4, 7〉 = 〈4, 8, 11〉 = E
T〈0, 4, 7〉 = 〈5, 9, 0〉 = F
T〈0, 4, 7〉 = 〈6, 10, 1〉 = F ]
T〈0, 4, 7〉 = 〈7, 11, 2〉 = G
T〈0, 4, 7〉 = 〈8, 0, 3〉 = G]
T〈0, 4, 7〉 = 〈9, 1, 4〉 = A
T〈0, 4, 7〉 = 〈10, 2, 5〉 = A]
T〈0, 4, 7〉 = 〈11, 3, 6〉 = B

I〈0, 4, 7〉 = 〈0, 8, 5〉 = f
I〈0, 4, 7〉 = 〈1, 9, 6〉 = f ]
I〈0, 4, 7〉 = 〈2, 10, 7〉 = g
I〈0, 4, 7〉 = 〈3, 11, 8〉 = g]
I〈0, 4, 7〉 = 〈4, 0, 9〉 = a
I〈0, 4, 7〉 = 〈5, 1, 10〉 = a]
I〈0, 4, 7〉 = 〈6, 2, 11〉 = b
I〈0, 4, 7〉 = 〈7, 3, 0〉 = c
I〈0, 4, 7〉 = 〈8, 4, 1〉 = c]
I〈0, 4, 7〉 = 〈9, 5, 2〉 = d
I〈0, 4, 7〉 = 〈10, 6, 3〉 = d]
I〈0, 4, 7〉 = 〈11, 7, 4〉 = e

'Ara: Orbit(C) = S → |Orbit(C)| = |S | = 24, (18)
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic Tn, In
H om�da T/I
H dom  thc om�dac T/I
H dr�sh thc om�dac T/I p�nw sto sÔnolo S twn sumf¸nwn tri�dwn

Prìtash

H dr�sh thc om�dac T/I p�nw sto sÔnolo S eÐnai apl� metabatik .

Apìdeixh

Lìgw thc sqèshc (18) èqoume:

|Orbit(C)| = |S | = 24 = |T/I | , (19)

dhlad , k�tw apì th dr�sh thc om�dac T/I p�nw sto S up�rqei mìno
mÐa troqi� - ìlo to sÔnolo S . 'Ara, h dr�sh thc T/I p�nw sto S eÐnai
metabatik .

Me antikat�stash thc sqèshc (19) sto J.S.T paÐrnoume:
|GC | = 1 → GC = {e}. Tìte, an gia k�poia tri�da s εS èqoume:
g ′s = gs ⇒ g = g ′ , gia g , g ′ ε G .
'Ara, h dr�sh thc T/I p�nw sto S eÐnai kai apl .

'Ara h dr�sh thc om�dac T/I p�nw sto S eÐnai apl� metabatik . �

SUMPERASMA:
Xekin¸ntac apì mÐa sugqordÐa up�rqei trìpoc na ft�soume se
opoiad pote �llh kai o trìpoc autìc eÐnai monadikìc.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

H neo − Riemannian om�da PLR
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

H om�da PLR   neo-Riemannian èqei tic b�seic thc stic sunart seic P, L,R
tou GermanoÔ jewrhtikoÔ thc mousik c Hugo Riemann.

Oi neo-Rhmanikèc jewrÐec perÐ mousik c (neo-Riemannian music theories)
xekÐnhsan na apasqoloÔn touc mousikolìgouc tic teleutaÐec dekaetÐec -
D.Lewin.

Genn jhkan wc ergaleÐa epÐlushc twn problhm�twn kat� thn an�lush
triadik c ustero-tonik c mousik c (Cohn).

H mousik  aut  perilamb�nei èrga:

romantik¸n kai usteroromantik¸n sunjet¸n (p.q. Wagner, Liszt) kai
metagennèsterwn sunjet¸n,

{per�smata} se èrga klasik¸n sunjet¸n ( p.q. Beethoven kai
Schubert).
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

OrÐzoume tic sunart seic P, L,R p�nw sto S me th bo jeia twn anastrof¸n
I :

(Par�llhlh)

H sun�rthsh P : S → S pou orÐzetai apì th sqèsh:

P〈y1, y2, y3〉 := Iy1+y3〈y1, y2, y3〉 = 〈y3, y1 − y2 + y3, y1〉 (20)

onom�zetai Par�llhlh (Parallel).

(Antallag  prosagwgèa)

H sun�rthsh L : S → S pou orÐzetai apì th sqèsh:

L〈y1, y2, y3〉 := Iy2+y3〈y1, y2, y3〉 = 〈−y1 + y2 + y3, y2, y3〉 (21)

onom�zetai Antallag  prosagwgèa (Leading tone exchange).

(Sqetik )

'Estw y1, y2, y3 ε Z12. H sun�rthsh R : S → S pou orÐzetai apì th sqèsh:

R〈y1, y2, y3〉 := Iy1+y2〈y1, y2, y3〉 = 〈y2, y1, y1 + y2 − y3〉 (22)

onom�zetai Sqetik  (Relative).
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

P, L,R: {susqetismènec} anastrofèc (contextual inversions), → h jèsh tou
�xona thc anastrof c exart�tai apì thn eisro  < y1, y2, y3 > (se
antÐjesh me tic anastrofèc In).

Se k�je perÐptwsh eÐnai:

- P: o �xonac pern� apì ta shmeÐa y1+y3
2

, 6 + y1+y3
2

.

- L: o �xonac pern� apì ta shmeÐa y2+y3
2

, 6 + y2+y3
2

.

- R: o �xonac pern� apì ta shmeÐa y1+y2
2

, 6 + y1+y2
2

.

Kai oi treic sunart seic, wc anastrofèc, mac phgaÐnoun apì mÐa meÐzona
se mÐa el�ssona kai antÐstrofa, krat¸ntac p�nta dÔo nìtec Ðdiec all�
anastrèfontac tic jèseic touc.

SHMEIWSH: Mac dieukolÔnei na jewroÔme ta gnwst� sÔmbola �+� , �−�
san isotimÐa gia tic meÐzonec kai tic el�ssonec sugqordÐec, antÐstoiqa.
Gia par�deigma, Nto meÐzona = C = C+, Nto el�ssona = c = C−.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

H dr�sh thc P p�nw sto S

P apì mÐa sÔmfwnh tri�da → monadik  sÔmfwnh tri�da antÐjethc
omotimÐac me anestrammènec thn pr¸th me thn trÐth nìta thc arqik c.
Apì mousik c pleur�c, pernoÔme apì mÐa meÐzona sthn om¸numh el�ssona
kai apì mÐa el�ssona sthn om¸numh meÐzona.
Om¸numec onom�zontai mÐa meÐzona kai mÐa el�ssona sugqordÐa an
sumbolÐzontai me to Ðdio gr�mma kai antÐjeth omotimÐa.

Par�deigma 1:

P (C+) = P 〈0, 4, 7〉 = I〈0, 4, 7〉
= 〈7, 3, 0〉 = C−

kai antÐstrofa,

P (C−) = P 〈7, 3, 0〉 = I〈7, 3, 0〉
= 〈0, 4, 7〉 = C+ .

O �xonac summetrÐac pern�
apì ta shmeÐa: 3.5, 9.5.

H met�bash: C+ P←→ C− .
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

H dr�sh thc L p�nw sto S

L apì mÐa sÔmfwnh sugqordÐa → sth monadik  sumfwnh antÐjethc
omotimÐac, me anestrammènec thn deÔterh me thn trÐth nìta thc arqik c.
Apì mousik c pleur�c pernoÔme apì mÐa meÐzona sthn el�ssona me b�sh 4
hmitìnia p�nw apì th b�sh thc meÐzonac kai antÐstrofa.
Se k�je met�bash, h fwn  pou kineÐtai odhgeÐ th b�sh thc meÐzonac sthn
trÐth nìta thc el�ssonac tri�dac →
pernoÔme apì thn tonik  thc meÐzonac klÐmakac ston prosagwgèa thc kai
antÐstrofa.

Par�deigma 2:

L(C+) = L〈0, 4, 7〉 = I〈0, 4, 7〉
= 〈11, 7, 4〉 = E−

kai antÐstrofa,

L(E−) = L〈11, 7, 4〉 = I〈11, 7, 4〉
= 〈0, 4, 7〉 = C+.

O �xonac summetrÐac pern�
apì ta shmeÐa: 5.5, 11.5.

H met�bash: C+ L←→ E− .
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

H dr�sh thc R p�nw sto S

R: apì mÐa sÔmfwnh sugqordÐa → sth monadik  sugqordÐa antÐjethc
omotimÐac, me anestrammènec thn pr¸th me thn deÔterh nìta thc arqik c.
Apì mousik c pleur�c pernoÔme apì mÐa meÐzona sthn sqetik  thc
el�ssona kai antÐstrofa.
Mia meÐzona kai mÐa el�ssona sugqordÐa eÐnai sqetikèc an h b�sh thc
el�ssonac eÐnai 3 hmitìnia k�tw apì th b�sh thc meÐzonac.

Par�deigma 3:

R(C+) = R〈0, 4, 7〉 = I〈0, 4, 7〉
= 〈4, 0, 9〉 = A−

kai antÐstrofa,

R(A−) = R〈4, 0, 9〉 = I〈4, 0, 9〉
= 〈0, 4, 7〉 = C+ .

O �xonac summetrÐac pern�
apì tic korufèc: 2, 8.

H met�bash: C+ R←→ A− .
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

Ta ParadeÐgmata 1, 2, 3 sto pent�grammo.

PARATHRHSEIS:

H dipl  efarmog  k�je mÐac apì tic P, L, R p�nw se mÐa sÔmfwnh
tri�da dÐnei wc tautotikì apotèlesma:

P2 = e, L2 = e, R2 = e . (23)

Ektìc tou ìti dÔo nìtec mènoun Ðdiec, akìmh kai h fwn  pou all�zei
k�nei idiaÐtera mikrèc kin seic parsimonious voice leading (Cohn) .
Sugkekrimèna, P, L: 1 hmitìnio, R: 2 hmitìnia.

↓

MONO stic sÔmfwnec tri�dec!
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

H om�da PLR

H om�da PLR

H om�da PLR eÐnai h om�da thc opoÐac to sÔnolo apoteleÐtai apì ìlec tic
pijanèc sunjèseic twn sunart sewn P, L,R, me dimel  pr�xh thn sÔnjesh
sunart sewn.

Ja deÐxoume ìti up�rqoun mìno 24 sunduasmoÐ!

AnazhtoÔme ìlouc touc pijanoÔc sunduasmoÔc twn P, L,R:

Apì th sqèsh (23) den up�rqoun memonwmènec �rtiec dun�meic twn P, L,R

Efarmìzoume enall�x tic R, L se mÐa sugqordÐa gia na analÔsoume ta
apotelèsmata.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

(H troqi� thc C+ k�tw apì th dr�sh thc PLR)

R(C+) = A−

LR(C+) = F+

R(LR)(C+) = D−

(LR)2(C+) = A]+

R(LR)2(C+) = G−

(LR)3(C+) = D]+

R(LR)3(C+) = C−

(LR)4(C+) = G]+

R(LR)4(C+) = F−

(LR)5(C+) = C]+

R(LR)5(C+) = A]−

(LR)6(C+) = F ]+

R(LR)6(C+) = D]−

(LR)7(C+) = B+

R(LR)7(C+) = G]−

(LR)8(C+) = E+

R(LR)8(C+) = C]−

(LR)9(C+) = A+

R(LR)9(C+) = F ]−

(LR)10(C+) = D+

R(LR)10(C+) = B−

(LR)11(C+) = G+

R(LR)11(C+) = E−

(LR)12(C+) = C+

Apì ed¸ kai pèra ta apotelèsmata epanalamb�nontai.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

PARATHRHSEIS

Oi 24 sÔnjetec sunart seic:

{LR , (LR)2, (LR)3 , (LR)4 , (LR)5 , (LR)6 , (LR)7 , (LR)8 ,

(LR)9 , (LR)10 , (LR)11 , (LR)12 , R , R(LR) , R(LR)2 ,

R(LR)3 , R(LR)4 , R(LR)5 , R(LR)6 , R(LR)7 ,

R(LR)8 , R(LR)9 , R(LR)10 , R(LR)11}

an koun sto sÔnolo L/R kai h efarmog  touc p�nw sthn C+ mac dÐnei
ìlo to sÔnolo S . →
'Ara, oi sunart seic autèc eÐnai diakritèc kai |L/R| ≥ 24.

Gia tic P, L, (LR)12 èqoume:

P(C+) = R(LR)3(C+) = C− , (24)

L(C+) = R(LR)11(C+) , (25)

(LR)12(C+) = L2(C+) = R2(C+) = (C+) . (26)
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

L mma

'Estw s εS . Gia k�je g εT/I kai gia k�je h εPLR isqÔei:

gh(s) = hg(s) . (27)

Prìtash

Sto sÔnolo PLR kai gia k�je s ε S isqÔoun:

1 H sun�rthsh P mporeÐ na grafeÐ wc sÔnjesh twn R, L:

P(s) = R(LR)3(s) . (28)

2 H sun�rthsh L mporeÐ na grafeÐ epÐshc wc:

L(s) = R(LR)11(s) . (29)

3 H sun�rthsh (LR)12 apoteleÐ tautotikì stoiqeÐo:

(LR)12(s) = (LR)0(s) = L2(s) = R2(s) = s . (30)
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

Je¸rhma

To sÔnolo PLR = L/R efodiasmèno me th sÔnjesh sunart sewn wc dimel 
pr�xh, eÐnai om�da, t�xhc 24 kai

PLR = {(LR)n | n = 1, 2, ..., 12} ∪ {R(LR)n | n = 0, 1, ..., 11} . (31)

Apìdeixh

Apì thn Prìtash èpetai ìti opoiad pote �llh sÔnjeth sun�rthsh
prokÔptei apì tic L,R ja eÐnai isodÔnamh me k�poia apì tic 24
sunart seic.

Efìson h P mporeÐ na ekfrasteÐ mèsw twn L,R → PLR = LR

PLR = {(LR)n | n = 1, 2..., 12} ∪ {R(LR)n | n = 0, 1, ..., 11}, kai �ra:

|PLR| = 24 .
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

sunèqeia apìdeixhc ...

PlhroÔntai ta axi¸mata thc om�dac:

1 Kleistìthta: H sÔnjesh dÔo stoiqeÐwn thc PLR dÐnei stoiqeÐo thc PLR:

(LR)n ◦ (LR)m = (LR)n+m (mod 12) ε PLR ,

R(LR)n ◦ (LR)m = R(LR)m+n (mod 12) ε PLR ,

(LR)n ◦ R(LR)m = R(LR)m−n (mod 12) ε PLR ,

R(LR)n ◦ R(LR)m = (LR)m−n (mod 12) ε PLR .

2 Prosetairistik : Endeiktik� gia mÐa tri�da
(LR)n, (LR)m,R(LR)k ε PLR ìpou n,m ε {1, 2, ..., 12} kai
k ε {0, 1, ..., 11}:

((LR)n ◦ (LR)m) ◦ R(LR)k = (LR)n ◦ ((LR)m) ◦ R(LR)k)

3 Tautotikì stoiqeÐo: e = (LR)12 ε PLR

4 AntÐstrofo stoiqeÐo : ((LR)n)−1 = (LR)12−n(mod 12) ε PLR.
(R(LR)n)−1 = R(LR)n . �
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

H dom  thc om�dac PLR

UpologÐzoume touc metajètec thc om�dac PLR:

[(LR)n, (LR)m] = (LR)n(LR)m(LR)12−n(LR)12−m

= e .

'Ara ta (LR)n metatÐjentai metaxÔ touc.

[R(LR)n, (LR)m] = R(LR)n(LR)mR(LR)n(LR)12−m

= (LR)2(6−m) (mod 12) .

'Ara ta R(LR)n, (LR)m metatÐjentai mìno gia m = 0, 6.

[R(LR)n,R(LR)m] = R(LR)nR(LR)mR(LR)nR(LR)m

= (LR)2(m−n) (mod 12)

'Ara ta R(LR)n, R(LR)m metatÐjentai mìno gia m = n, n + 6.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

Apì ta parap�nw sumperaÐnoume ìti:

H om�da PLR eÐnai mh abelian  (kai mh kuklik ).

To sÔnolo {(LR)n | n = 1, 2, ..., 12} mazÐ me th dimel  pr�xh eÐnai
kuklik  upoom�da me genn tora to (LR)1, dhlad  〈(LR)1〉 = (LR)n

�ra kai abelian .

To sÔnolo {R(LR)n | n = 0, 1, ..., 11} mazÐ me th dimel  pr�xh den
sqhmatÐzoun upoom�da kaj¸c leÐpei to tautotikì stoiqeÐo.

IsqÔei:
R(LR)n = R(LR)m+n (mod 12)(LR)12−m (mod 12) . (32)

'Ara gia k�je n = 0, 1, ..., 11 paÐrnoume to antÐstoiqo m = 11− n kai
brÐskoume thn R(LR)n sunart sei twn L, LR (genn torec)
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

H dom  thc PLR parapèmpei sthn D12.

Prìtash

H om�da PLR eÐnai isìmorfh me th D12 : PLR ' D12.

OrÐzoume: ξ : D12 → PLR dÐnontac tic eikìnec twn gennhtìrwn :

ξ : C → LR , Σ → L = R(LR)11 . (33)

O omomorfismìc ja prèpei na sèbetai tic sqèseic (10):

ξ(C1
12) = ξ(C1)12 = (LR)12 = e ,

ξ(Σ0
2) = ξ(Σ0)2 = L2 = e ,

ξ(Σ0C1Σ0
−1) = ξ(Σ0)ξ(C1)ξ(Σ0

−1) = ξ(Σ0)ξ(C1)ξ(Σ0)−1 = L ◦ LR ◦ L

= L2(RL) = RL = (LR)−1 = C1
−1 .

'Ola ta stoiqeÐa thc PLR eÐnai
eikìnec mèsw tou ξ,

|PLR| = |D12|

}
ξ : isomorfismìc →

PLR ' D12
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

O pÐnakac thc om�dac PLR.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

Telik�, lìgw metabatik c idiìthtac tou isomorfismoÔ:

Oi om�dec PLR , T/I kai D12 eÐnai isìmorfec

.

T/I D12 PLR

T1
12 = T0 = e C 12

1 = e (LR)12 = e

I0
2 = T0 = e Σ0

2 = e L2 = e
T1 ∗ I0 ∗ T1 ∗ I0 = e C1 ∗ Σ0 ∗ C1 ∗ Σ0 = e L ∗ (LR) ∗ L ∗ (LR) = e

Oi sqèseic twn gennhtìrwn gia tic om�dec T/I , D12, PLR .
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

H dr�sh thc PLR p�nw sto S

Mèqri to shmeÐo autì:
mporoÔme na upologÐsoume eÔkola th dr�sh twn P, L,R p�nw se
opoiad pote sÔmfwnh tri�da.

'Omwc, upologismìc dr�shc enìc tuqaÐou stoiqeÐou thc PLR p�nw se mÐa
sÔmfwnh tri�da → perÐplokoc giatÐ:

ta stoiqeÐa thc PLR eÐnai sunjèseic sunart sewn

kai den up�rqei kanìnac genÐkeushc.

Par�deigma: R(LR)10〈2, 10, 7〉
O upologismìc mporeÐ na gÐnei mìno èmmesa, → efarmìzontac ìlec tic
{prohgoÔmenec} sunart seic p�nw sthn 〈2, 10, 7〉 diadoqik�.

Gia eukolìterh qr sh sthn mousik  an�lush → oi metasqhmatismoÐ
gÐnontai grafik�.

Sto epìmeno kef�laio ja exet�soume dÔo graf mata pou dieukolÔnoun
thn plo ghsh metaxÔ twn sumf¸nwn sugqordi¸n me th bo jeia thc PLR.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi sunart seic P, L, R
H om�da PLR
H dom  thc om�dac PLR
H dr�sh thc PLR p�nw sto S

Prìtash

H dr�sh thc om�dac PLR p�nw sto sÔnolo S eÐnai apl� metabatik .

Apìdeixh

Apì thn troqi� thc C+:

|Orbit(C)| = |S | = 24 = |T/I | , (34)

dhlad , k�tw apì th dr�sh thc om�dac PLR p�nw sto S up�rqei
mìno mÐa troqi� - ìlo to sÔnolo S . 'Ara, h dr�sh thc PLR p�nw sto S
eÐnai metabatik .

Apì to J.S.T gia G = PLR kai x = C+ paÐrnoume : |GC | = 1. → h
dr�sh thc PLR p�nw sto S eÐnai apl .

'Ara h dr�sh thc om�dac PLR p�nw sto S eÐnai apl� metabatik . �

SUMPERASMA:
Xekin¸ntac apì mÐa sugqordÐa up�rqei trìpoc na ft�soume se
opoiad pote �llh kai o trìpoc autìc eÐnai monadikìc.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Oi gewmetrikèc apeikonÐseic thc dr�shc thc PLR p�nw sto S
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Ta 2 shmantikìtera graf mata:

Tonnetz

Chickenwire
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OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Ta 2 shmantikìtera graf mata:

Tonnetz

Chickenwire
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

To gr�fhma TONNETZ

Istorik�: L. Euler → A. Oettingen, H. Riemann → B. Hyer, D. Lewin, R. Cohn

To disdi�stato neo-Riemannian
Tonnetz.

O tìroc neo-Riemannian.

AntistoÐqish twn not¸n me to Z12 → gr�fhma: dipl� periodikì.
En¸nontac tic par�llhlec pleurèc se mi� jemeli¸dh dom  → tìro.

K�je koruf  tou plègmatoc: kl�sh fjìggwn.

K�je trÐgwno: sÔmfwnh tri�da.

MeÐzonec - el�ssonec tri�dec → trÐgwna antÐjetou prosanatolismoÔ
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

'Axonec

O orizìntioc �xonac twn pèmptwn (7 hmitìnia)
→ kÔklo. H met�jesh tou Z12 lìgw thc T7 →
kÔkloc:(

0 1 2 3 4 5 6 7 8 9 10 11

7 8 9 10 11 0 1 2 3 4 5 6

)
= (0, 7, 2, 9, 4, 11, 6, 1, 8, 3, 10, 5) .

O diag¸nioc �xonac twn trÐtwn meg�lwn (4
hmitìnia) → 4 kÔklouc. H met�jesh tou Z12

lìgw thc T4 → ginìmeno 4 xènwn kÔklwn:(
0 1 2 3 4 5 6 7 8 9 10 11

4 5 6 7 8 9 10 11 0 1 2 3

)
= (0, 4, 8)(1, 5, 9)(2, 6, 10)(3, 7, 11) .

O di�gwnioc �xonac twn trÐtwn mikr¸n (3
hmitìnia) → 3 kÔklouc. H met�jesh tou Z12

lìgw thc T3 → san ginìmeno 3 xènwn kÔklwn:(
0 1 2 3 4 5 6 7 8 9 10 11

3 4 5 6 7 8 9 10 11 0 1 2

)
= (0, 3, 6, 9)(1, 4, 7, 10)(2, 5, 8, 11) .
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kÔkloc:(
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)
= (0, 7, 2, 9, 4, 11, 6, 1, 8, 3, 10, 5) .

O diag¸nioc �xonac twn trÐtwn meg�lwn (4
hmitìnia) → 4 kÔklouc. H met�jesh tou Z12

lìgw thc T4 → ginìmeno 4 xènwn kÔklwn:(
0 1 2 3 4 5 6 7 8 9 10 11

4 5 6 7 8 9 10 11 0 1 2 3

)
= (0, 4, 8)(1, 5, 9)(2, 6, 10)(3, 7, 11) .

O di�gwnioc �xonac twn trÐtwn mikr¸n (3
hmitìnia) → 3 kÔklouc. H met�jesh tou Z12

lìgw thc T3 → san ginìmeno 3 xènwn kÔklwn:(
0 1 2 3 4 5 6 7 8 9 10 11

3 4 5 6 7 8 9 10 11 0 1 2

)
= (0, 3, 6, 9)(1, 4, 7, 10)(2, 5, 8, 11) .
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O orizìntioc �xonac twn pèmptwn (7 hmitìnia)
→ kÔklo. H met�jesh tou Z12 lìgw thc T7 →
kÔkloc:(

0 1 2 3 4 5 6 7 8 9 10 11

7 8 9 10 11 0 1 2 3 4 5 6

)
= (0, 7, 2, 9, 4, 11, 6, 1, 8, 3, 10, 5) .

O diag¸nioc �xonac twn trÐtwn meg�lwn (4
hmitìnia) → 4 kÔklouc. H met�jesh tou Z12

lìgw thc T4 → ginìmeno 4 xènwn kÔklwn:(
0 1 2 3 4 5 6 7 8 9 10 11

4 5 6 7 8 9 10 11 0 1 2 3

)
= (0, 4, 8)(1, 5, 9)(2, 6, 10)(3, 7, 11) .

O di�gwnioc �xonac twn trÐtwn mikr¸n (3
hmitìnia) → 3 kÔklouc. H met�jesh tou Z12

lìgw thc T3 → san ginìmeno 3 xènwn kÔklwn:(
0 1 2 3 4 5 6 7 8 9 10 11

3 4 5 6 7 8 9 10 11 0 1 2

)
= (0, 3, 6, 9)(1, 4, 7, 10)(2, 5, 8, 11) .

M�ndratzh Dèspoina MOUSIKH KAI SUMMETRIA: OI DRASEIS THS ATONIKHS KAI THS NEO-RIEMANNIANOMADAS PANW STO SUNOLO TWN SUMFWNWN TRIADWN



H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

H plo ghsh sto TONNETZ mèsw twn P, L,R

K�je mÐa apì tic P, L,R anastrèfei èna trÐgwno wc proc mÐa pleur� tou - thn
pleur� aut  pou en¸nei tic koinèc nìtec - kai to prob�llei p�nw se èna geitonikì
trÐgwno me to opoÐo moir�zetai aut n thn pleur�.

1 P: anastrèfei èna trÐgwno wc proc ton orizìntio �xona twn pèmptwn kai
pernoÔme sth om¸numh meÐzona/el�ssona.
Gia par�deigma, C+ = 〈0, 4, 7〉 → 〈0, 3, 7〉 = C−.

2 L: anastrèfei èna trÐgwno wc proc ton �xona twn trÐtwn mikr¸n kai an
xekinoÔme apì meÐzona pernoÔme sthn el�ssona mÐac trÐthc mikr c p�nw kai
antÐstrofa.
Gia par�deigma, 〈0, 4, 7〉 → 〈11, 7, 4〉 = E−.

3 R: anastrèfei èna trÐgwno wc proc ton �xona twn trÐtwn meg�lwn kai
pernoÔme sth sqetik  meÐzona / el�ssona.
Gia par�deigma, 〈0, 4, 7〉 → 〈4, 0, 9〉 = A−.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

To gr�fhma CHICKENWIRE

1998: Douthett&Steinbach- onomasÐa twn exagwnik¸n kuyèlwn

To disdi�stato Chickenwire. O tìroc Chickenwire.
Korufèc: sÔmfwnec tri�dec - 2 korufèc en¸nontai me mÐa pleur� ìtan
èqoun dÔo kl�seic fjìggwn koinèc
Apì mÐa koruf  → se �llec 3 → exagwnikì plègma (chickenwire)
Kuyèlh: akèraioc - kl�sh fjìggwn pou èqoun koin  oi 6 tri�dec
Pleurèc: P, L,R
Me thn antistoÐqish twn kl�sewn fjìggwn me to Z12 → gr�fhma
dipl� periodikì → tìroc
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Me 5 kin seic mporoÔme na kalÔyoume ìlh thn epif�neia tou tìrou:

Prìtash

Gia k�je sÔmfwnh tri�da up�rqei mÐa kai mìno mÐa �llh sÔmfwnh tri�da
pou h el�qisth apìstash thc apì thn arqik  eÐnai pènte kin seic
(pleurèc).

Oi 5 kin seic apì thn D p�nw se mÐa
k�toyh

Oi 5 kin seic apì thn d p�nw se mÐa
k�toyh
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Ta TONNETZ kai CHICKENWIRE wc duðk� graf mata

Duðkì gr�fhma

Duðkì gr�fhma enìc graf matoc G eÐnai èna gr�fhma G ′, to opoÐo èqei mÐa
koruf  gia k�je qwrÐo tou G kai mÐa pleur� pou en¸nei dÔo geitonik� qwrÐa
gia k�je pleur� tou G .

Prìtash

Ta graf mata Tonnetz kai Chickenwire eÐnai duðk� graf mata.

H metatrop  tou Chickenwire sto Tonnetz .
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H NEO − RIEMANNIAN OMADA PLR
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OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

4 eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Apì ta 2 graf mata

↓
paÐrnoume 4 eid¸n qarakthristikoÔc kÔklouc tri�dwn.

AutoÐ eÐnai:

1 Oi 4 exatonikoÐ kÔkloi,

2 Oi 3 oktatonikoÐ kÔkloi,

3 O Qamiltonianìc kÔkloc,

4 Oi 12 exagwnikèc kuyèlec.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Oi exatonikoÐ kÔkloi

TautÐzontac tic 2 orizìntiec pleurèc sto basikì qwrÐo tou Chickenwire

↓
4 kÔkloi: (H0), (H1), (H2), (H3)

↓
exatonikoÐ

ta stoiqeÐa touc en¸nontai me pleurèc:
enall�x suneqeÐc (P) kai me koukkÐdec (L)

Oi exatonikoÐ kÔkloi.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

H diadikasÐa eÔreshc tou k�je kÔklou isodunameÐ me efarmog  tou
sunìlou sunart sewn:

L/P = {P , LP , PLP , LPLP , PLPLP , LPLPLP}
= {(LP)n | n = 1, 2, 3} ∪ {P(LP)n | n = 1, 2, 3} (35)

se k�je arqik  sugqordÐa.

Prìtash

1 To sÔnolo L/P ⊆ PLR, me |LP| = 6, perièqei ìlec tic pijanèc
sunjèseic twn L,P.

2 To sÔnolo L/P efodiasmèno me pr�xh thn sÔnjesh sunart sewn eÐnai
upoom�da thc PLR.

Prìtash

Oi tèsseric exatonikoÐ kÔkloi (H0), (H1), (H2), (H3) apoteloÔn tic troqièc
pou dhmiourgoÔntai k�tw apì th dr�sh thc upoom�dac L/P p�nw sto
sÔnolo S .

IsqÔei ìti: S = H0 ∪ H1 ∪ H2 ∪ H3
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

To sÔnolo twn kl�sewn fjìggwn mèsa se èna exatonikì kÔklo →
exatonikì sÔsthma

? ExatonikoÐ kÔkloi kai
? exatonik� sust mata touc

}
UPEREXATONIKO SUSTHMA

To uperexatonikì sÔsthma.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Mousikì par�deigma - O kÔkloc (H1) ston BRAHMS

1o Konsèrto gia biolÐ kai pi�no, op.102, mètra: 270-278
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Oi oktatonikoÐ kÔkloi

TautÐzontac tic 2 k�jetec pleurèc sto basikì qwrÐo tou Chickenwire

↓
3 kÔkloi: (O0), (O1), (O2)

↓
oktatonikoÐ

ta stoiqeÐa touc en¸nontai me pleurèc:
enall�x diakekommènec (R) kai suneqeÐc (P)

Oi oktatonikoÐ kÔkloi.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

H diadikasÐa eÔreshc k�je kÔklou isodunameÐ me efarmog  tou sunìlou
sunart sewn:

R/P = {P , RP , PRP , RPRP , PRPRP , RPRPRP , PRPRPRP,

RPRPRPRPRP}
= {(RP)n | n = 1, 2, 3, 4} ∪ {P(RP)n | n = 0, 1, 2, 3} (36)

se k�je arqik  sugqordÐa.

Prìtash

1 To sÔnolo R/P ⊆ PLR, me |RP| = 8, perièqei ìlec tic pijanèc
sunjèseic twn R,P.

2 To sÔnolo R/P efodiasmèno me pr�xh thn sÔnjesh sunart sewn eÐnai
upoom�da thc PLR.

Prìtash

Oi treÐc oktatonikoÐ kÔkloi (O0), (O1), (O2) apoteloÔn tic troqièc pou
dhmiourgoÔntai k�tw apì th dr�sh thc upoom�dac R/P p�nw sto sÔnolo
S .

IsqÔei: S = O0 ∪ O1 ∪ O2
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

To sÔnolo twn kl�sewn fjìggwn mèsa se èna oktatonikì kÔklo

↓

oktatonikì sÔsthma

? OktatonikoÐ kÔkloi kai
? oktatonik� sust mata
touc

}
UPEROKTATONIKO SUSTHMA

To uperoktatonikì sÔsthma.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Mousikì par�deigma - O kÔkloc (O0) ston SCHUBERT

H akoloujÐa twn tri�dwn sta pr¸ta mètra thc OubertoÔrac
Die Zauberharfe.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

O Qamiltonianìc kÔkloc

O kÔkloc t�xhc 24 - ta stoiqeÐa tou en¸nontai me pleurèc enall�x me
koukkÐdec (L) kai diakekommènec (R).

Qamiltonianìc kÔkloc: pern�ei apì ìla ta stoiqeÐa-korufèc tou tìrou
akrib¸c mÐa for�.
An efarmìsw enall�x tic L, R p�nw se mÐa sugqordÐa telik� paÐrnw th

dr�sh ìlhc thc om�dac PLR = L/R p�nw sto S .

O Qamiltonianìc kÔkloc.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Mousikì par�deigma - BEETHOVEN

9h SumfwnÐa tou Beethoven, metagraf  gia 2
pi�na, m. 137-176.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Oi exagwnikèc kuyèlec

Oi exagwnikèc kuyèlec: 12 kÔkloi me m koc 6 pou ta stoiqeÐa touc
en¸nontai me pleurèc enall�x me koukkÐdec (L), diakekommènec (R) kai
suneqeÐc (P) sto gr�fhma Chickenwire. Oi tri�dec se k�je kuyèlh èqoun

mÐa kl�sh fjìggwn koin  → ìnoma k�je kuyèlhc.

Oi exagwnikèc kuyèlec
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Mousikì par�deigma - O kÔkloc (8) ston VERDI

H akoloujÐa twn tri�dwn sto Ah si, ben mio thc trÐthc pr�xhc thc ìperac Il
Trovatore.

O kÔkloc (8) p�nw se mÐa k�toyh tou tìrou.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

To gr�fhma Tonnetz
To gr�fhma Chickenwire
Tess�rwn eid¸n qarakthristikoÐ mousikoÐ kÔkloi

Oi kÔkloi pou exet�same wc kÔkloi - {kordèlec} p�nw sto Tonnetz

Oi 4 qarakthristikoÐ kÔkloi p�nw sto Tonnetz.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Oi T/I , PLR wc duðkèc om�dec
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Oi dr�seic twn T/I kai PLR perièqoun diaforetik� sÔnola metajèsewn

T/I ∼ PLR → Oi dr�seic touc p�nw sto S den eÐnai isodÔnamec!

L mma

MÐa dr�sh mÐac om�dac G p�nw se èna sÔnolo X eÐnai isodÔnamh me ènan
omomorfismì ρ : G → Sym(X ).

Prìtash

Oi dr�seic twn T/I kai PLR perièqoun diaforetik� sÔnola metajèsewn
tou S .

Apìdeixh
Apì L mma → k�je mÐa apì tic 2 dr�seic genn� ènan omomorfismì :

λ : T/I → Sym(S) , ρ : PLR → Sym(S) .

Epeid  λ, ρ: 1-1 (lìgw apl c metabatikìthtac) →
T/I , PLR ≤ Sym(S), |Sym(S)| = 24! → 24 metajèseic tou S h kajemÐa.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Oi metajèseic tou S lìgw thc dr�shc thc T/I
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Oi metajèseic tou sunìlou S k�tw apì th dr�sh thc om�dac PLR
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Sunèqeia apìdeixhc...

Apì pÐnakec metajèsewn → Mìno ta tautotik� kai ta T6, (LR)6 dÐnoun
Ðdiec metajèseic tou S .�.

Ta sÔnola twn metajèsewn tou S k�tw apì th dr�sh twn T/I kai PLR.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Oi T/I kai PLR eÐnai duðkèc om�dec

(Duðkèc om�dec kat� Lewin)

'Estw Sym(X ) h summetrik  om�da p�nw sto sÔnolo X . DÔo upoom�dec
G ,H thc Sym(X ) onom�zontai duðkèc om�dec an oi fusikèc touc dr�seic
p�nw sto sÔnolo X eÐnai apl� metabatikèc kai an k�je mÐa eÐnai o
kentropoiht c thc �llhc, dhlad :

CSym(S)(G) = H , CSym(S)(H) = G .

(Kentropoiht c)
'Estw G om�da kai èstw: X ⊆ G . To sÔnolo ìlwn twn stoiqeÐwn thc G pou
metatÐjentai me k�je stoiqeÐo tou X onom�zetai kentropoiht c tou X entìc
thc G kai orÐzetai apì th sqèsh:

CG (X ) := {gεG | gx = xg , xεX} . (37)
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Je¸rhma

Oi T/I kai PLR eÐnai duðkèc om�dec.

Apìdeixh
ArkeÐ na deÐxoume ìti h PLR eÐnai o kentropoiht c thc T/I kai antÐstrofa.

O kentropoiht c thc T/I entìc thc Sym(S) eÐnai:

CSym(S)(T/I ) = {h εSym(S) | hg = gh , ∀ g εT/I} ,

Efìson èqoume deÐxei ìti ta stoiqeÐa twn 2 om�dwn metatÐjentai:

CSym(S)(T/I ) ⊇ PLR →
|CSym(S)(T/I )| ≥ |PLR| = 24 . (38)

Apì J.S.T :
|CSym(S)(T/I )|
|CSym(S)(T/I )s | ≤ 24 .

ApodeiknÔoume ìti |CSym(S)(T/I )s | = 1 , kai �ra:

|CSym(S)(T/I )| ≤ 24 . (39)

'Ara apì sqèseic (38),(39) → CSym(S)(T/I ) = PLR
OmoÐwc apodeiknÔoume ìti CSym(S)(PLR) = T/I �.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic

Arister  kanonik  anapar�stash om�dac

'Estw G om�da. JewroÔme thn apeikìnish λ : G → Sym(G) , pou orÐzetai
apì th sqèsh:

λ(g) = λg , gεG . (40)

H apeikìnish λ eÐnai monomorfismìc kai onom�zetai arister  kanonik 
anapar�stash thc G .

Dexi� kanonik  anapar�stash om�dac

'Estw G om�da. JewroÔme thn apeikìnish ρ : G → Sym(G) , pou orÐzetai
apì th sqèsh:

ρ(g) = ρg , g εG . (41)

H apeikìnish ρ eÐnai monomorfismìc kai onom�zetai dexi� kanonik 
anapar�stash thc G .

Je¸rhma (CAYLEY )

An G om�da, tìte par�gontai duðkèc om�dec mèsw twn dÔo emfuteÔsewn thc G
sthn Sym(G), wc aristerèc kai dexièc dr�seic thc G ston eautì thc. Epiplèon,
ìlec oi duðkèc om�dec gennioÔntai me autìn ton trìpo.
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H ANTISTOIQISH TWN KLASEWN FJOGGWN ME TO Z12
H ATONIKH OMADA T/I

H NEO − RIEMANNIAN OMADA PLR
OI GEWMETRIKES APEIKONISEIS THS DRASHS THS PLR PANW STO S

OI T/I , PLR WS DUIKES OMADES

Oi dr�seic twn T/I kai PLR p�nw sto S wc metajèseic
Oi T/I kai PLR eÐnai duðkèc om�dec
Oi duðkèc om�dec kai oi dexièc kai aristerèc kanonikèc anaparast�seic
Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Kataskeu  thc duðk c om�dac

Gia k�je peperasmènh om�da : dr� apl� metabatik� p�nw se èna
peperasmèno sÔnolo S → mporoÔme na kataskeu�soume thn duðk  thc.

Je¸rhma

(Kataskeu  thc duðk c om�dac sthn peperasmènh perÐptwsh kat�
Fiore-Noll.)

'Estw G peperasmènh om�da, h opoÐa dr� apl� metabatik� p�nw se èna
peperasmèno sÔnolo S . KajorÐzoume èna shmeÐo s0 εS kai jewroÔme tic dÔo
emfuteÔseic:

λ : G −→ Sym(S)

g 7−→ (s 7→ gs) ,

ρ : G −→ Sym(S)

g 7−→ (hs0 7→ hg−1s0) .

Tìte, oi eikìnec λ(G) kai ρ(G) eÐnai duðkèc om�dec sthn Sym(S). H 1-1
apeikìnish ρ exart�tai apì thn epilog  tou s0, en¸ h eikìna ρ(G) ìqi.
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Par�deigma

(Kataskeu  thc om�dac PLR)

An sthn kataskeu  tou Jewr matoc jewr soume G = T/I , S to sÔnolo
ìlwn twn sumf¸nwn tri�dwn kai s0 = C+ = 〈0, 4, 7〉, tìte h ρ(G) eÐnai h
om�da PLR.

Pr�gmati, an g , h εT/I , isqÔoun:

gia g = Tn, h = Tn, èqoume: Tn 7−→ (Tns0 7→ TnT12−ns0) (42)

gia g = Tn, h = In, èqoume: Tn 7−→ (Ins0 7→ InT12−ns0) (43)

gia g = In, h = Tn, èqoume: In 7−→ (Tns0 7→ TnIns0) (44)

gia g = In, h = In, èqoume: In 7−→ (Ins0 7→ InIns0) . (45)

(!) Tn〈0, 4, 7〉 → ìlec tic meÐzonec
In〈0, 4, 7〉 → ìlec tic el�ssonec tri�dec

(42): meÐzona → meÐzona

(43): el�ssona → el�ssona

(44): meÐzona → el�ssona

(45): el�ssona → meÐzona
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Oi sunart seic P, L,R antistoiqoÔn se dexiì pollaplasiasmì me tic I7, I11, I4.
P: gia n = 0, 1, ..., 11:

P : Tn〈0, 4, 7〉 7→ TnI7〈0, 4, 7〉 kai In〈0, 4, 7〉 7→ InI7〈0, 4, 7〉 ,

gia par�deigma,

T0〈0, 4, 7〉 = 〈0, 4, 7〉 P7→ T0I7〈0, 4, 7〉 = 〈7, 3, 0〉

I7〈0, 4, 7〉 = 〈7, 3, 0〉 P7→ I7I7〈0, 4, 7〉 = 〈0, 4, 7〉 .

L: gia n = 0, 1, ..., 11:

L : Tn〈0, 4, 7〉 7→ TnI11〈0, 4, 7〉 kai In〈0, 4, 7〉 7→ InI11〈0, 4, 7〉 ,

gia par�deigma,

T0〈0, 4, 7〉 = 〈0, 4, 7〉 L7→ T0I11〈0, 4, 7〉 = 〈11, 7, 4〉

I11〈0, 4, 7〉 = 〈11, 7, 4〉 L7→ I11I11〈0, 4, 7〉 = 〈0, 4, 7〉 .

R: gia n = 0, 1, ..., 11:

R : Tn〈0, 4, 7〉 7→ TnI4〈0, 4, 7〉 kai In〈0, 4, 7〉 7→ InI4〈0, 4, 7〉 ,

gia par�deigma,

T0〈0, 4, 7〉 = 〈0, 4, 7〉 R7→ T0I4〈0, 4, 7〉 = 〈4, 0, 9〉

I4〈0, 4, 7〉 = 〈11, 7, 4〉 R7→ I4I4〈0, 4, 7〉 = 〈0, 4, 7〉 .
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Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

Lìgw thc duðkìthtac twn T/I , PLR:

ta stoiqeÐa thc T/I metatÐjentai me ta stoiqeÐa thc PLR kai

ta mìna stoiqeÐa thc Sym(S) me thn idiìthta aut , kai antistrìfwc.

Gia k�je g εT/I , h εPLR kai s ε S èqoume: g h (s) = h g (s) .

ApotÔpwsh duðkìthtac grafik� se metajetikì di�gramma:
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Analutikì Par�deigma:

→ 'Opoio monop�ti ki an dialèxoume → Ðdio apotèlesma.

↓

K�je di�gramma me korufèc stoiqeÐa tou S , me k�jeta bèlh sthn PLR kai
orizìntia bèlh sthn T/I → ja metatÐjetai.

↓

H sÔndesh twn 2 om�dwn mac epitrèpei: na qrhsimopoioÔme ta stoiqeÐa
touc tautìqrona sthn an�lush twn sqèsewn metaxÔ k�je tetr�dac
sumf¸nwn tri�dwn.
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Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

H duðkìthta ston PACHELBEL

Oi akoloujÐec twn tri�dwn ston Kanìna se D+ tou Pachelbel.

To metajetikì di�gramma gia ta stoiqeÐa T7, R.
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Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

H duðkìthta ston WAGNER

Oi akoloujÐec twn tri�dwn sto ”Grail” Theme tou Wagner.

To metajetikì di�gramma gia ta stoiqeÐa T5, R.
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Kataskeu  thc duðk c om�dac
Efarmog  thc duðkìthtac twn T/I kai PLR sth mousik  an�lush

H duðkìthta ston IVES

Oi akoloujÐec twn tri�dwn sto ”Religion” tou Ives

To metajetikì di�gramma gia ta stoiqeÐa I6, LR.
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SUMPERASMATA - EPEKTASEIS

? SÔndesh metaxÔ twn om�dwn T/I kai PLR : Isomorfismìc - Duðkìthta

? Epèktash jewrÐac se mej' ebdìmhc, mej' en�thc kai di�fwnec sugqordÐec!

? Ap¸teroc skopìc thc ergasÐac: parìtrunsh gia diepisthmonik  melèth
majhmatik¸n - mousik c!
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Euqarist¸ polÔ gia thn prosoq  sac!
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